ABSTRACT In this paper, a control chart for variance using the repetitive sampling under the neutrosophic statistics is proposed. The proposed control chart can be applied for monitoring the variability in the process when some observations/parameters are unclear and indeterminate. The operational procedure of the proposed control chart and the necessary measures are given for the practical use of the proposed control chart. The control chart parameters are determined through the algorithm under neutrosophic statistical interval method. The efficiency of the proposed control chart is compared with the existing control chart in neutrosophic average run length. From the simulation study and a real example, it is concluded that the proposed control chart is more efficient in detecting a shift in the process and more adequate, effective, informative, and flexible under the uncertainty environment.
I. INTRODUCTION
To meet the high standard of quality of the product, it is necessary to monitor the variation in the process. The presence of the variation in the process may shift the process from the set target. According to [1] ''High quality in a product can be only achieved if the manufacturing process meets the given specifications limits. To the manufacturer to produce the defect-free product, the variation in the process should be controlled''. A control chart is an important tool, which has been commonly used for the monitoring variation in the process. The control chart is a graph having lower control limit (LCL), central limit (CL) and the upper control limit (UCL). The process is said to be out-of-control if the plotting statistic is beyond LCL or UCL. The late indication about the shift in the process causes the production of nonconforming items. The control chart immediately indicates when the process is shifted from the specified target. ThereThe associate editor coordinating the review of this manuscript and approving it for publication was Xiaojie Su. fore, the control charts are designed to help the operators to fix the issue in the manufacturing process before the deeper problem in the process. The Shewhart S 2 control chart has been commonly applied for the monitoring of the variation in the process. The S 2 chart using the double sampling was proposed by [2] . Reference [3] proposed the ARL-unbiased control chart. Reference [4] designed the efficient control chart to monitor the variation in the process. Reference [5] worked on the variance control chart using combined sampling schemes. Reference [6] compared the efficiency of interquartile range chart with existing control charts. For more details, the reader may refer to [7] - [9] .
The control charts are usually designed using the single sampling scheme. In this type control charts, a decision about the state of the control chart is decided based on sample information from the single sample selected from the process. The repetitive sampling (RS) scheme was originally proposed by [10] which is applied when the experimenter is indecisive about the state of the process at the first sample.
The repetitive sampling based control charts are found to be more efficient in average run length (ARL) than the control chart using the single sampling. Reference [11] designed control chart for process capability using the RS. Reference [12] worked on t-chart using this sampling scheme. Reference [13] deigned sign chart using the RS. Reference [14] proposed a hybrid type control chart using the RS. Reference [15] proposed the S 2 control chart using the RS. More details on the RS and ranked sampling control charts can be read in [16] - [21] .
The fuzzy control charts, which are more sensitive than the Shewhart control, are applied when parameters are uncertain [22] . Reference [23] ''observations include human judgments, and evaluations and decisions, a continuous random variable of a production process should include the variability caused by human subjectivity or measurement devices, or environmental conditions. These variability causes create vagueness in the measurement system''. Reference [23] proposed the dispersion control chart using the fuzzy logic. Reference [23] proposed a variance control chart using α-cut. [24] designed control chart under uncertainty. The applications of the control chart using the fuzzy approach can be seen in [25] . More details can be seen in [26] - [29] .
Reference [30] mentioned that the neutrosophic logic which deals with indeterminacy is the generalization of the fuzzy logic. Reference [31] used the neutrosophic logic to develop the idea of the neutrosophic statistics (NS). The NS can be applied for the analysis of the data, which is drawn from pupation or sample having uncertain observations or the parameters. The NS is the extension of the classical statistics and found to be more effective to analyze the data under the uncertainty. The NS provides the analysis results in indeterminacy interval rather than the determined values. Therefore, the NS is more adequate and effective to a method to apply under the uncertainty environment. References [32] and [33] suggested that NS is a more effective method than the classical statistics in rock measuring issues. References [34] and [35] originally introduced the NS in the area of acceptance sampling plans. Reference [36] introduced the NS in the area of control chart first time. Reference [1] proposed the variance control chart using the NS.
By exploring the literature and best of our knowledge, there is no work on the S 2 control chart using the repetitive sampling under the NS. In this paper, we will design a variance control chart using the neutrosophic statistical interval method (NSIM). We expect that the proposed control chart will be more efficient in detecting a shift in the process and more adequate, effective, informative and flexible in the uncertainty environment.
II. PREMIERES
Let X Ni ∈ {X L , X U }; i = 1, 2, 3, . . . , n N be a neutrosophic random variable (NRV) consisting of lower value X L and FIGURE 1. The proposed control chart for the simulation data.
U represent the neutrosophic population mean and variance corresponding to X L and X U , respectively. The neutrosophic estimators of the population mean isX N =
III. DESIGN OF THE PROPOSED CHART
Based on the given information, we propose the following control chart for the repetitive sampling under the NSIM.
Step-1: Compute S 2 N based on NRV of size n N .
Step-2: Declare the process is an in-control state if
where LCL N 2 ∈ {LCL L2 , LCL U 2 } and UCL N 2 ∈ {UCL L2 , UCL U 2 } are neutrosophic upper control limits. Step-3: The process is said to be out-of-control if S 2 N ≥ UCL N1 or S 2 N ≤ UCL N1 ; where LCL N 1 ∈ {LCL L1 , LCL U 1 } and UCL N 1 ∈ {UCL L1 , UCL U 1 } are neutrosophic lower control limits, otherwise repeat the process.
The proposed control consists of four control limits with two-neutrosophic control limits coefficient under the NSIM. The proposed chart shows the control limits in indeterminacy interval. Under this complex system, the operational procedure of the proposed control chart is the same as in double sampling and repetitive sampling under classical statistics. Also, the proposed control chart is the generalization of the control chart proposed by [1] under the NSIM and [15] when no certainty in the observations or in the parameters. The neutrosophic control limits LCL N1 ∈ {LCL L1 , LCL U 1 },
Note here that k N 1 ∈ {k L1 , k U 1 } and k N 2 ∈ {k L2 , k U 2 } are the control limits coefficients. The probability when the process is out-of-control using the single sampling under the NSIM is given by
;
Suppose that the process is declared to be an in-control state at
Therefore, the probability of out-of-control for the single sampling under the NSIM can be written as follows
The neutrosophic probability of indecision at the first sample is given by
The Eq. (8) can be written as follows 
Finally, the probability of out-of-control for the repetitive sampling under the NSIM is given by 25256 VOLUME 7, 2019 
The neutrosophic average run length (NARL) provides the indeterminacy interval in which first out-ofcontrol is expected. The NARL at
We suppose that due to some external variations, the process is shifted at new value σ 2
, where c shows the shift constant. Therefore, the probability of out-of-control at σ 2
for the single sampling under the NSIM can be written as follows
or
Finally, the probability of out-of-control for the repetitive sampling under the NSIM is given by
The NARL at σ 2 N 1 ∈ σ 2 L1 , σ 2 U 1 is given by Suppose that NARL 0N be specified by r 0N . The values of NARL 1N for various combinations of n N ∈ {n L , n U }, ARL 0N ∈ {ARL 0L , ARL 0U } and c are presented in Tables 1-3. From Tables 1-3 , we note the decreasing trend in the indeterminacy interval of NARL 1N when c changes from 1 to 4. The indeterminacy interval of NARL 1N is increasing when ARL 0N changes from 300 to 370. The indeterminacy interval of NARL 1N is decreasing when n N ∈ {n L , n U } increases.
The following algorithm is used under the NSIM to deter-
Step-1: Pre-fix the indeterminacy interval of n N ∈ {n L , n U } and shift value c.
Step-2: Specify the suitable ranges for
Step-3: During, the simulation, we note that several combinations of k N 1 ∈ {k L1 , k U 1 } , k N 2 ∈ {k L2 , k U 2 } are available that satisfy the condition NARL 0N ≥r 0N .
Step-4: choose that values of k N 1 ∈ {k L1 , k U 1 } , k N 2 ∈ {k L2 , k U 2 } where NARL 0N is same or very close to r 0N .
Step-5: Determine ARL 1N ∈ {ARL 1L , ARL 1U } for various values of c.
IV. ADVANTAGES OF THE PROPOSED CHART
In this section, we will discuss the advantages of the proposed control chart over the control charts proposed by [1] under the NSIM. We will compare three-control chart in terms of NARL and using the simulation data.
A. COMPARISON IN NARL
We will now compare the proposed chart under the NSIM with chart proposed by [1] under the NSIM in NARL. A control chart having the smaller values of NARL at the same parameters is said to be a more efficient control chart. Let R n = ARL 1U − ARL 1L be the neutrosophic range of indeterminacy interval of NARL. The smaller the values of R n better the control chart. The values of NARL of both control charts when n N ∈ {4, 6}, ARL 0N ∈ {300, 300} and ARL 0N ∈ {370, 370} are shown in Tables 4-5 . We compare both control chart in the rage of indeterminacy interval of NARL. From Tables 4-5, we note that the proposed control chart under NSIM has smaller values of NARL as compared to [1] control chart. For example, when n N ∈ {4, 6}, ARL 0N ∈ {300, 300} and c = 1.2. The values of indeterminacy interval of NARL and R n of proposed chart are ARL 1N ∈ {92.64, 83.35} and R n = 9. On the other hand, values of indeterminacy interval of NARL and R n of [1] chart are ARL 1N ∈ {103.63, 130.01} and R n = 27. From these values, we note that the proposed control chart will give the indication in the shift between 83th and 92 nd samples while the existing control chart will provide the single between 103th and 130 th samples. The By comparing the proposed control chart with [1] control chart, we conclude that the proposed control chart is more efficient than the existing control chart in detecting a shift in the process. Therefore, the proposed control chart is more effective than the existing control chart under the NSIM.
B. COMPARISON IN NARL
Now, we compare the efficiency of the proposed control chart under the NSIM over [1] using the simulation data generated from the neutrosophic normal distribution with neutrosophic mean and variance µ N ∈ {0, 0} and σ 2 N ∈ {4, 6.25}. First 20 observations are generated assuming the process is in-control and next 20 observations are generated for the shifted process when c = 1.9. Let n N ∈ {5, 5} and ARL 0N ∈ {370, 370} for this study. The values of statistic
L , S 2 L , are computed and plotted on Figure 1 . From Figure 1 , it can be seen in that the proposed control chart detects shift at the 8 th sample. On Figure 2 , the values of statistic S 2 N ∈ S 2 L , S 2 L are plotted on the existing control chart. From Figure 2 , it is noted that the existing control chart detects the first shift in the process at the 14 th sample. By comparing Figure 1 with Figure 2 , it is concluded that the proposed chart has the ability to detect an early shift in the process as compared to [1] .
V. CASE STUDY
A well-known automobile company in Jeddah, Saudi Arabia is interested to apply the proposed control chart for the monitoring of engine piston rings. The diameter of engine piston rings is the quality of interest which is an important variable, see [37] . A small increase or decrease in the diameter may cause the defective product. The instrument does the measurement of diameter, which causes the uncertainty in the observations. As mentioned above, measurements done by the devices or by human subjectivity may cause to have some uncertain values in the data, see [23] . The data having uncertain observations cannot be monitored effectively using [15] control chart under classical statistics. We borrowed the piston rings from [1] and reported in Table 6 for the easy reference.
The values of S 2 N ∈ S 2 L , S 2 L are calculated and shown in Table 6 . The neutrosophic control limits when n N ∈ {5, 5}, ARL 0N ∈ {370, 370}, k N 1 ∈ {4.8582, 4.9535}, k N 1 ∈ {3.5665, 3.9374} and σ 2 N ∈ {0.0035, 0.0034} are computed as follows Figure 3 . From Figure 3 , we can note that several points are near the control limits. We also note that the 2 nd sample is in indeterminacy interval. The existing chart by [1] in Figure 4 indicate the process is in control. The proposed chart for this real data is implemented as follows
Step Table 6 based on NRV of size n N ∈ {5, 5}.
Step Figure 3 with Figure 4 , we conclude that the proposed control chart indicates some shifting issues in the process although the process is in control state. We can conclude that the proposed control chart has the ability to detect an early shift in the process as compared to the existing control chart. As the proposed control chart provides results in indeterminacy interval rather than the determined values, therefore, the proposed control chart is more adequate under uncertainty environment.
VI. CONCLUDING REMARKS
In this paper, a control chart for variance using the repetitive sampling under the neutrosophic statistics (NS) is proposed. The proposed control chart is the generalization of several control charts. The proposed control chart using the repetitive sampling is more flexible and allow to repeat the process if the operations are in-decision at first sample information. The proposed control chart provides the indeterminacy interval for the NARL values which is more desirable under the uncertainty. From the comparison, we conclude that the proposed is more sensitive in detecting the shift in the process. The proposed control chart can be used for the monitoring of process in the automobile industry, aerospace industry and food industry. The proposed control chart for the monitoring of big data in marine science can be extended for future research. The proposed chart using the cost model can also be considered as future work. The joint monitoring of mean and variance under NSIM can be considered as future research.
